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A B S T R A C T  

We construct an uncountable ring of real numbers all of whose  nonzero  

e lements  are normal to base b and nonnormal to base ab, where a, b are 

any pair of integers greater than one with (a, b) -- 1. 

For any prime a and any integer b _> 2 with (a, b) = 1, G. Wagner [10] gave 

an explicit example of an uncountable ring of real numbers all of whose nonzero 

elements are normal to base b and nonnormal to base ab. In this paper, we 

construct a new example of a ring of the same properties with a not necessarily 

prime (see Theorem 5). Our construction is based on an algebraic independence 

result for the special values of certain gap series (in [8]) and a sufficient condition 

of the normality to base b and the nonnormality to base ab of the numbers of the 

form ~ , > l A n a - X " b  - t ' ' ,  where An (> 1),p,, (> 1), and An are integers for all 

n > 1 (see Theorem 3). We also give in Theorem 1 precise discrepancy estimates 

from above as well as from below for numbers of the form E,,>la-~"b -~'" , whose 

normality to base b has been studied by Korobov (cf. [3], [4], [5]). 

Let b > 1 be an integer. A real number a is said to be normal to base b, if the 

sequence {ab"},,>l is uniformly distributed mod 1, namely if 

lim N-~D([u ,v ) ;ab" ,O < n < N)  = 0 
N - . * o o  

for any [u, v) C [0,1), or what amounts ~o the same thing (cf. [6]), if 

lira N-1D(ab" ,O < n < N)  = O, 
N - - * ~  
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where as usual 

D ( t r b " , O < _ n < N ) =  sup D([u,v);trb n , 0 < n < N ) ,  
0 < u < v < l  

D([u,v) ;~b",0 < n < N) = IA([u,v); ~b",0 _< n < N) - ( ,  - u)Nh 

and A([u, v); ab, 0 < n < N) is the number of integers n with 0 < n < N for 

which u < ab" - [~b"] < v. Here [z] is the integral part of x. 

Let O.ala~ . . . .  alb -1 + a2b -2 + . . .  be the b-adic expansion of a - [a]. For 

any bx..- bt E {0 ,1 , . . . ,  b -  1} t, let A(a, b~-.- bt, N) denote the number of n with 

1 < n < N for which a,an+l . . .  an+t-1 = b ibs ' "  bt and let 

[ ~  b2 bt ~ b2 b , + l ~  
Z(b~.. .  b,) = + ~ + . - -  + y ,  + ~ + . . .  + - - ~ - - / .  

Then we have 

D ( I ( b l . . .  bt); ab", 0 < n < N) = IA(a, b~... bt, N)  - b-tNI, 

and hence a is normal to base b if and only if 

lim N -1 ]A(a, bl . . .  bt, N)  - b-tN[ = 0 
N ---* oo 

for any integer ~ >_ 1 and any bl ""  bt E {0 ,1 , . . . ,  b - 1} t. 

THEOREM 1: Let a,b > 1 be integers with (a,b) = 1, let {,~,},,>1 and {#h}->j 

be sequences of positive integers strictly increasing for aU sut~ciently large n, and 

let 

r162 1 
(1) c~ = E aX, b~. " 

Then there is a positive constant co such that 

(2) D(abz,O < x < N) < co a ~  t- aX-------- ~ -  + )~2nv/'a x" , 
k k = l  

for a/l N, where n is defined by pn < N < p,+l.  

Fhrthermore, there are positive constants cl and c2 such that for any s > cl 

and bl " " b t  E { 0 , 1 , . . . , b -  1} t we have 

C2 P n + l  - -  ~ n  
(3) D(I(bl . . .b t ) ;ab ~,0 < x < N)  > 

b l aXn 

for a/1 n > 1 and for some integer N with p,, < N <_ p ,+ l .  
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COROLLARY i :  

l ira  = O, 
n ' - - * O 0  

the number  a defined by (1) is normal  to base b. 

To prove Theorem 1 we need the following lemmas. 

LEMMA 1: (Erd6s and Turan cf. [6]). There ex/sts an absolute constant  c such 

that  

D ( x l , . . .  ,ZN) _< c + ~[ e2~i'~" I 

~or any real numbers  x l , . . .  ,Xn and any posit ive integer Q. 

For any integer b, m > 1, let r(b, m) denote the order of b mod m. 

LEMMA 2: ([3], Lemma 1). Let b > 1 be an integer and let p ~ , . . . ,  p ,  be s distinct 

pr imes  with (b, pl . . . po )  = 1. Then  there are integers ei = ei(b, p~ , . . .  ,p , )  > 

0 (1 < i < s) such that 

- -  F ie  - - ~ B  ~I 7 ( b , p ~ l . . . p ~ O ) = p ~ !  e l . . . p$  ~.(b,p 1 ...p~O) 

for all integers ni _> ei (1 < i < s). 

LEMMA 3: ([3], Theorem 2). Make the same assumptions  as in Lemma 2 and 

assume that  ni > ei and p~-e~ ~ A for some i. Then  we have 

r(b,m)-1 
E e 2~riAbffi]m ---- O~ 

z----0 

where m = p~l . . . p~o . 

LEMMA 4: ([4], Lemma 2). Make the same  assumptions  as in Lemma 3 and let 

a be an integer with 0 <_ a < v(b, m).  Then  we have 

e < v logm. 

Korobov [5] proved that,  if {A,},>I  and {P ,} ,>I  are increasing sequences of 

positive integers satisfying p ,  >_ a ~" (n > 1), the number  ot defined by (1) is 

normal to base b. His proof is to show that 

[A(a, b l ' "  bt, N )  - b - t N I  = o( N ) ,  
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by using Theorems 1 and 3 in [4], which were deduced from Lemmas 3 and 4 

written above. We estimate D(abz,O <_ x < N) in (2) using directly Lemmas 3 

and 4 via Lemma 1. 

For any prime p and vat integer n, let vp(n) denote the exponent d for which 

p~ln and p d + l  ~ n .  

Proof of Theorem 1: We first prove (2). Let N be a large integer and let n be 

as in the theorem. Then we have 

n--1 

(4) D(N) < Px + E O(#k,#k+l) + D(p. ,N) ,  
k = l  

where D(m,n) "= D(otb '~, m <_ x < n) and D(N) = D(O,N). We put r~ = 

l"(b, a xk ) and define integers vk and ak (1 < k < n) by 

v ~ r k  < # k + x  - # k  <_ ( v k  + 1),.,, (1 < k < n), v,~r. < N - # .  < ( v .  + 1)r,,, 

0"t =pk+l--pk--Uk~'~, 0". =N--pn--unr., 

so that by Lemma 2 

(5) a~<'rk <a x'<<r~ (l<k<n), 

and 

(6) v~ << (t~+, - ~ ) a  -;~' (1 < k < n), ,.. << (N - ~ . )a  -;~". 

Then we have 

~k --I  

(7) D ( ~ , . k + ~ )  _< ~ D(~k +vr~, ~k+(v+l)rk)+1)(Uk+vkr~, ~k+v~rk+~k), 
~-,~0 

V. --1 

D(#., N) _< E D(#. + yr., #. + (v + l)r.) + D(#. + v.r., #. + v.r. + a.). 
y-~0 

Now it follows from Lemma 1 that 

(8) D(pk + vkr~,pk + v~r~ + at) << -~ + e(q~b~k+v"'~+')h 
= q =--o 
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where e(x) = e 27fix. W e  choose Q as 

(9) q = ~ - t o ,  

where s E N is a large constant. Writing 

we have 

(1o) 

RINGS OF NORMAL AND NONNORMAL NUMBERS 

k 1 Bk k--" 
Olk 

Z~,  aAj b~J : a ~l, b#k ' 
j----1 

#k --1 r --1 

E e(qab~'+vkr'+=)[ = I E e(qakbl"+~kr'+")[ + O(1), 
z ~ O  X.~-O 

407 

noticing that [e(u) - e(v)l << [u - v[ and a - ak << a-X'+'b -~'~+1 . 

To apply Lemma 4, we put 

(11) A = qBkb ~'rh and m = a ;~k, 

so that qakb t'k+~'~k+" = Ab ' /m in (10). Then, since (a,b) = (a, Bn) = 1 and 
q < Q, there is a prime pla such that 

~p(ct) = ~,(q) _< ~,(m) -~0 .  

Thus we can apply Lemma 4 and get 

(12) Ir << AkV~ ~'', 
' i l  z = 0  

which together with (5), (8), (9), and (10) yield 

2 ~ k  D(#k + vkTk, #k + vkrk + ak) << A~X/a (1 < k < n). 

Using Lemma 3 in place of Lemma 4, we find 

D(,k  + w~,  ~ + (v + 1)~)  << 1 (0 _< v < vk, 1 < k < n). 

Substituting these inequalities as well as (6) into (7) and (4), we obtain (2). 

Proof  of  (3): Let n be sufficiently large. Then we have [abl'"+ '1 = [a,,bJ'-+l], 

and so [ab/+t] = [a,M +t] for any integers ~ a n d j  with s > 1 and 0 < j < g,,+l -~.  
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This implies that both of the fractional parts {~b#} and {anb ~ } belong to the 

same interval [mjb -t, (mj + 1)b -t) for some integer mj with 0 < mj < b t. But 

{an/f} = {anb/+~" } for any j > #n. Hence, if # ,  < j < F~+, - ~, { abj } and 

{r '+f" } belong to the same interval [mjb -e, (mj  + 1)b-t). Therefore, for any 

g iven  bl ""bt 6 { 0 , 1 , . . . , b -  1} t, we have 

d(A;u .  + ~ r . , u .  + (~ + 1)r.) = d(n; u . ,  ~ .  + ~ . ) ,  

where A ----- rl-(bl'" bt) and 

d(n; m, n) = # { m  <_ x < ~ [~b  ~ ~ n }  - (n  - r e ) b - t } ,  

so that  

(13) d(A;O, p a + U r , , ) = d ( A ; O , # , , ) + u d ( A ; p n ,  p , , + r , , )  

for any integer u with 0 _< u < p , ,  where 

p .  = [ ( u . + ]  - ~ .  - 0 / ~ . 1  

Now, since D(A;/~,~, #,~ + ~',,) differs from r,,/b e by an integer, and since b t ~ r ,  

for all integers ~ > ct = ct(a), we have 

(14) D ( A ; p , , p n  + r,,) = [d(A;pn,pa + r . ) l  > b - t  

for all ~ > cl, where D(A; m, n) = D(A; ab ' ,  m < x < n). Hence it follows from 

(13), (14), and Lemma 2 that 

max d(A;0, p,, + ur,,) - rain d(A; 0, g,, + t,~-,,) 
l_<~_<p, l_<v<p. 

c2 Pn+a - Un 
>- b t aX. 

for infinitely many n, provided s > q ,  since we may assume that (gn+ / - I zn ) / a  A" 

is unbounded; where c2 is independent of e. Therefore, for any fixed bl . . .  bt with 

> c~ and for infinitely many n, there is an integer ~,, = x,,(bl . . . b  t) with 

1 < x,, < p,~ such that 

C2 U n + l  - -  ~ n  
D(A; O, p .  + x . r . )  > ~ t  F~ 

Putting/V = F. + xnr., we obtain (3). This completes the proof of Theorem I. 
| 
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THEOREM 2: / f  

lim p , / p , _ ~  > 1 + (log a)l log b, 
n---~OO 

then the number a defined by (1) is nonnorm~d to base ab. 

LEMMA 5: L e t r >  1 be an integer and let a berea/.  Fo ra nyq  �9 { 0 , 1 , . . . , r - I } ,  

let L(a,  r, q; N)  be the maximum length of runs of q appearing in the first N 

digits of the r-adic expansion of a - [a]. / f  there is a constant c > 0 such that 

L(a,  r, q; N)  > cN for infinitely many N,  then a is nonnorma/ to  base r. 

The proof of Lemma 5 is clear. 

Proof of Theorem 2: We write a = ~ . > x  a~'"-~"/(ab) ~'~" The number of digits 

in the ab-adic expansion of a ~'n-x" is [(g. - A~)logaba ] + 1 =: t;., say. Since 

/t,,+l - tc,,+x => p .  - to. for all large n by the growth condition of p,,, we have 

L(a,  ab, O;#. - . ~ . )  > # .  - ~n - gn-1 

for all large n, and so 

L(a,  ab, O;p. - ~,,) > P ( p .  - ~,~) 

for infinitely many n, where 

p = 1 - (1 + (log a)l log b) lira p n - I / P , ,  > O; 
~'=-'*'00 

and the theorem follows from Lemma 5. | 

The bounds (2) and (3) in Theorem 1 are implicit as functions of N; however, 

they give precise estimates for most of the cases in which {An}~>x and { p , } , > l  

are given explicitly. In the following Example 1, b l . - -  bt �9 {0 ,1 , . . . ,  b - 1} t is 

any block of length s > cl. 

Example I: The number 
oo 1 

E a"b["'"] 
n-~l  

is normal to base b and nonnormal to base ab if 0 > �89 In particular, if 0 > 6, 

we have 

(15) D((~b~,O < x < N)  < coN 1-1/0 
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for all N and 

D(I(bl . . .  bt);abX,O < z < N)  > c2b-tN 1-1/~ 

for infinitely many integer N. In particular, the number 

oo 1 

n----1 

is normal to base b and nonnormal to base ab, where c is an integer with c > v ~.  

Furthermore, the inequalities (15) and (16) hold with 0 = log c/log a, if c > V ~ .  

W e  note that tr is a non-LiouviUe transcendental number (cf. [9]). (A proof of 

transcendency of a when c = 2 can be found in [7].) 

The following theorem will be used in the proofs of Theorems 4 and 5. 

THEOREM 3: Let a, b > 1 be integers with (a, b) = 1, let {A,,},,>l and {#,,},,>1 

be sequences of positive integers which are increasing and 

for all large n, and let {A,,},,_I be a sequence of integers such that 

for all large n and A,, # 0 for infinitely many n. Then the number 

a = 2 a~. b~'. 

is no rma / to  base b and normormal to base ab. 

Proof." We may assume without loss of generality that A,, # 0 for all n ~ 1. 

The proof of normality is much the same as that of (2) in Theorem 1. Indeed, it 

is valid until (10), if we put 

k Aj Bk 

~k = Y ~  ax ~ but - aA~ b•k 

with Bk = aAh-~-lbt '~-"k- lBk-1 + Ak and choose Q as 
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in place of (9), so that for any prime p]a we have vp(q) _< A~-I - *0 (1 < q < 

Q). On the other hand, there is a prime po[a such that Vpo(Bt) = vj, o(A~ ) < 

 ,o(a and so 

= + V,o(B ) < V ,o (m)  - *o, 

when A and m are defined by (11). Hence we can apply Lemma 4 and get (12). 

Therefore 

2 ~ A h  
D(pk + Vkrk,pk + vkrk + at)  << aX'2 -x ' - '  + ALVa (1 < k < n). 

Similarly we have 

D(pk + vrk,p~ + (v + 1)rk) << aXh2 -x*-' (1 < k < n). 

Thus we obtain 

n - - 1  

D(N)<< ~ pt+, - P * 2  x ' - '  + N - P . 2  x-------7- + A~V~A. = o(N), 
k = 2  

and the normality to base b is proved. The nonnormality to base ab can be proved 

similarly to that of Theorem 2. 

G. Wagner [10] proved the following theorem: 

Let p be a prime and g > 2 be an integer with (p,g) = 1, let {An}n>t and 

{Pn}n>l be increasing sequences of positive integers such that 

lira a . / ( n p . - 1 )  = o o  
I1 - ' *  OO 

and 

lim (logp.)/,X. = co, 
n - - * o o  

and let R be the ring generated by the set of edl numbers of the form 

IX 1+ ~" {~.}.>1 e {-1, l} N. 
n = l  p X . q ~ .  ' - 

Then R is uncountable and any a E R \{0} is normM to base g and nonnormM 

to base pg. 

The construction of a ring in Theorem 5 is simpler than that of Wagner, how- 

ever the proof of the theorem seems to be easier. 



412 H. KANO AND I. SHIOKAWA hr. J. Math. 

THEOREM 4: Let a, b > 1 be integers with (a, b) = 1, let {A.}.>I and {P.}.>_x 

be sequences of integers increasing for all large n such that 

(17) lira A . / p . _ ,  = co 
n -~OO 

and 

(18) lim (log pn)/k. = oo, 

and let R be the ring generated by the set of all numbers of the form 

oo 
~n  (19) e (0,I} N. 

rl=l 

Then R b uncotmtable, R n Q = {A/(ab)" IA, n e Z}, and any a e R \ Q is 

normal to base b and nonnormal to base ab. 

To construct a ring of normal numbers containing no rationals other than zero, 

we use the following 

LEMMA 6: (Special case of Theorem in [8]). Let {A.,-f}.>i and {Pm~}->i 

('7 E r )  be two families of sequences of positive integers with a parameter  set r 

such that, for any finite subset o f t  suitably indexed as {'71, �9 �9 �9 ,'Td}, the sequences 

{A.}._>I and {p.}.>a defined by A. = A.,m and p. = #-,m, where i = i(u) is 

the integer i in 1 <_ i <_ d with i =_ u(modd),  satisfy the conditions (17) and (18), 

and let 
o o  

S (z) = a ('7 r). 
n=l 

Then the numbers {f~(a)17 e r}  are algebraically independent over Q for any 

algebraic a with 0 < lal < 1. 

THEOREM 5: Let a,b > 1 be integers with (a,b) = 1, let {A.,~}.>I and 

{#.,x}._>l ('7 E r )  be two families of sequences of positive integers given in Lemma 

6, and let R be the ring generated by the set of a/] numbers of the form 

o~ 1 
w ~ = E a X . , ~ b ~ . , . ,  7 E F .  

n = l  

Then any ~ E R'-{0} is normal to base b and nonnormal to base ab. 
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Example 2: Families of sequences {$,,,-~}.>1 and (#-,.r},,>l (3' �9 r )  satisfying 

the conditions in Lemma 6 can be easily found. For instance, put for brevity 

91(z) = logax and 9,,(z) = 9~(9,-1(z))(n  > 2), and let F = (0,1). Define, for 

_ ' and # ' ,7  by Aa,, = 1, each 3' �9 P and n > 1, ,Xn, 7 

I t 
9[.,+.,ml(,Xm.t) = I and = (n > 1), 9[n '+7n+2] ( lan ,7 )  7 -- 

= )~l t and put $,,-~ [ ,,,.y] and #,,.~ = [#,,,-r]. We remark that,  for any fixed 7 q F, 

the sequences {$,,,7},,_>a and {#-,'t}-_>l satisfy all the conditions in Theorem 4. 

Remark 1: It is easily seen that w- t # w~, i f7  # 7', so that F, {w~t[ 7 E F}, and R 

have the same cardinality. So Example 2 yields an uncountable ring R. Putt ing 

a = 1/b in Lemma 6, we see that the numbers {w~]7 E F} are algebraically 

independent over Q. In particular, the ring R in Theorem 5 contains no rationals 

other than zero. 

Remark 2: Additive groups of normal numbers having prescribed Hausdorff 

dimension a (0 < a < 1) have been constructed by many authors (see, e.g., 

[1], [2]). All the rings of normal numbers mentioned in this paper are of Haus- 

dorff dimension zero, since any irrational numbers contained in these rings are 

Liouvillian and the set of all Liouville numbers is of Hausdorff dimension zero. 

Proof of Theorem 4: We shall only prove the normality, since the other state- 

ments can be easily seen. Any a �9 R can be written as 

(20)  a = P ( w l , . . . , W d ) ,  

where P ( x l , . . . ,  zd) E Z[xa , . . . ,  Xd] and wi is defined by (19) with some {en}n_>l 

= {e,,,i},>a E {0,1} N(1 < i < d). Let s l , . . . , S d  be positive integers with 

sl + . . .  + Sd < deg P = S. Then we have 

o o  

( 2 1 )  = 

where 

(22) w.(,,) = 

a'l + . . .+a 'n- -a t l  

A(s; n; a l , . . . ,  a,) 
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with IX(s~; n; aa , . . .  ,a.)l << 1. (Here and in what follows all constants implied 

by the symbol << may depend on the polynomial P.) Hence it follows that 

,, '~'...,,r = ~ X~ w.,(~,).., w.,(.) 
n = l  l<_ni<_n 

n l & x  " i  ~--~" 

~ ( , ; ~ , . . . , ~ , )  
. . . . . . .  

= 0_ _ ~  a E , = , " X ~ b E ~ - , " ' " "  

with [B(n; ~rl,... ,  O'n)[ << n ~. Therefore we obtain 

~ = E  E -'a 
. = 1  o<.k<_S GLI"=I  ~tt t~b,~_.~k=,l o'kp~ 

r  ~0  

s C ( n ; ( r l , . . . , ~ r , )  
. . . . .  

= ,,=1 o < ~ < s  a " x " + ~ = '  "~X~b"~'"+~=' "~'~ 

.=1 ,,=1 a ~x"+sE;-~ X~b~""+sE;-~ " ' '  

where 

IC(-,,~)l << ndS"a sErE: X'bSE;:: ~'~, 

so that, by (17) and (18), 

(23) 

for all large n. 

~og Ic(., ~)1 << ~.-1 

For each(n ,a)  w i t h n >  l a n d l  < a < S ,  weput  u =  S ( n - 1 ) + a  and set 

A u = C(12,  0"), a n d  

n--1 . - - 1  

A~ = aA. + S E A k ,  M . = a ~ . + S E # } ,  
k = l  k = l  

so that A~ - A~-I > An and Mv - Mv-i > ~.. Then we obtain 

A~ 
ot = aA ~ bM" , 

u = l  

where, by (17), (lS), and (23), 

a ̂ " < a  ( r  and ]A~[<a x" <=a ̂ ' - ^ ' - 1  
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for all large n, and therefore the normality follows from Theorem 3. This com- 

pletes the proof of Theorem 4. | 

P roof  of  Theorem 5: We give the proof of normality, which is much the same 

as the preceding one. Any a E R can be written as (20) with 0~i = 0%~ for 

some suitably indexed 7/(1 < i < d), for which we may assume the conditions in 

Lemma 6. Then, for any s l , . . . ,  Sd as above, we have (21) with 

W n ( 8 i )  = 
A(si ,  n; 0"1 , . . .  , Orn) 

O<_r <_Ji,r #O 
o't +...+o'.----s~ 

in place of (22), where Xn,i = Xn,-r,, P,, i  = Pn,'r,, and 0 < A(si ,  n; a l , . . .  , *rn) << 1, 

and hence 

oo d S B (n , i ,  ai) 

n----1 i = 1  o ' i = l  a (Ic,j)<(n,i) 

where log B ( n , i ,  ai) << max{pk,j l (k, j )  < (n, i)} and ( k , j )  < (n , i )  is the lexico- 

graphic ordering. Therefore we obtain 

00 d S C(n,  i, o'i) 

n = l  i = 1  e i = l  

with [C(n, i ,~ i ) l  << B ( n , i ,  ai). 

For each ( n , i , ~ )  with n > 1, 1 < i < d, and 1 

Sd(n  - 1) + S(i  - 1) + a and set A~ = C(n,  i, ~i) and 

< ~r < S, we put  v = 

A.  + S = + S 
( k, j)<(n,i)  ( k,j) <( n,i) 

Then we have 
A~ 

r = aA" bM ~ , 
P=I 

where Av, Av, and M~ (v > 1) satisfy all the conditions in Theorem 3, and the 

normality follows. The completes the proof of Theorem 5. | 
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