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ABSTRACT
We construct an uncountable ring of real numbers all of whose nonzero
elements are normal to base b and nonnormal to base ab, where a, b are
any pair of integers greater than one with (a,b) = 1.

For any prime a and any integer b > 2 with (a,b) = 1, G. Wagner [10] gave
an explicit example of an uncountable ring of real numbers all of whose nonzero
elements are normal to base b and nonnormal to base ab. In this paper, we
construct a new example of a ring of the same properties with a not necessarily
prime (see Theorem 5). Our construction is based on an algebraic independence
result for the special values of certain gap series (in [8]) and a sufficient condition
of the normality to base b and the nonnormality to base ab of the numbers of the
form 2,,21A,.a"'\"b"“", where A\, (2 1),un (= 1), and A,, are integers for all
n 2 1 (see Theorem 3). We also give in Theorem 1 precise discrepancy estimates
from above as well as from below for numbers of the form Enzla"‘" b™#», whose
normality to base b has been studied by Korobov (cf. [3], [4], [5])-

Let b > 1 be an integer. A real number a is said to be normal to base b, if the

sequence {ab"},,>; is uniformly distributed mod 1, namely if
lim N7'D([u,v);ab*,0<n< N)=0
N—o0
for any [u,v) C [0,1), or what amounts do the same thing (cf. [6]), if
lim N7'D(ab™,0<n< N)=0,
N-—oo
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where as usual
D(ab™,0<n< N)= sup D([u,v);ad",0<n < N),
0<u<v<1
D([u,v);ad™,0 < n < N) = |A([u,v);ad™,0 <n < N) — (v —u)N|,

and A([u,v);ab,0 < n < N) is the number of integers n with 0 < n < N for
which u < ab™ — [ab®] < v. Here [z] is the integral part of .

Let O0.a1az -+ = a1b™! + azb™2 + - -+ be the b-adic expansion of a — (a]. For
any by ---be € {0,1,...,b—1}¢, let A(a,b; --- b, N) denote the number of n with
1 <n < N for which apan41° - @ppr—1 = brbz--- by and let

by b by b | by be+1
I(bl“'bt)=[? g5.|_..._|.El..,_})_+b_2_+....+._bl_~).

Then we have
D(I(by---by);ab™,0 <n < N)=|A(a,b; -+ bg, N) — b~ N|,
and hence « is normal to base b if and only if

lim N7 A(a,by - by, N)=b"!N|=0

N—oc
for any integer £ > 1 and any b --- by € {0,1,...,b—1}4
THEOREM 1: Let a,b > 1 be integers with (a,b) =1, let {A\n}n>1 and {h}n>1

be sequences of positive integers strictly increasing for all sufficiently large n, and
let

= 1
1) = Zlm-
n=

Then there is a positive constant cq such that

n—1
e —pr  N—p An
(2) D(ab*,0<z<N)<c (kzl e Bl R ) ,

for all N, where n is defined by pp, < N < pin41-
Furthermore, there are positive constants ¢; and cy such that for any £ > ¢;
and by --- by € {0,1,...,b— 1}* we have

€2 fint1 — Kn
Bt a*»

for all n > 1 and for some integer N with g, < N < pin41.

(3) D(I(by---by);ab®,0 <z < N)>
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COROLLARY 1: If
. p) An _
nh—xolgo Au\/a /"ﬂ - 0)
the number a defined by (1) is normal to base b.

To prove Theorem 1 we need the following lemmas.

LEMMA 1: (Erdos and Turan cf. [6]). There exists an absolute constant ¢ such

that
D(zy,...,z2n)<c| =+ ) =|) 2™
Q g-—1 q n=1
for any real numbers z1,...,%, and any positive integer Q.

For any integer b,m > 1, let 7(b,m) denote the order of b mod m.

LEMMA 2: ([3], Lemma 1). Let b > 1 be an integer and let py,...,p, be s distinct
primes with (b, p1 ---p,) = 1. Then there are integers e; = ei(b, p1,...,p,) >
0 (1 <i < 3) such that

1) —é€)

r(b,plt - pyt) =pp T pr T (b, p5t - - PSY)

for all integersn; > ¢;(1 < i < 3).
LEMMA 3: ([3], Theorem 2). Make the same assumptions as in Lemma 2 and

n;—e;

assume that n; > e; and p!

; {1 A for some i. Then we have

7(b,m)—1

Z cz:iAb’/m =0,

z=0
where m = p{'---pl* .

LEMMA 4: ([4], Lemma 2). Make the same assumptions as in Lemma 3 and let
o be an integer with 0 < o < 7(b,m). Then we have

[
Z MY Im o /mlogm.
=0

Korobov [5] proved that, if {An}n>1 and {gn}n>1 are increasing sequences of
positive integers satisfying pn > a*» (n > 1), the number o defined by (1) is
normal to base b. His proof is to show that

|A(a, by - by, N) — b7EN| = o(N),
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by using Theorems 1 and 3 in [4], which were deduced from Lemmas 3 and 4
written above. We estimate D(ab®,0 < z < N) in (2) using directly Lemmas 3
and 4 via Lemma 1.

For any prime p and an integer n, let v,(n) denote the exponent d for which
p%|n and p?*! { n.

Proof of Theorem 1: We first prove (2). Let N be a large integer and let n be
as in the theorem. Then we have

n—-1

C) D(N) < p1+ ) D(pk, 1) + D(pin, N),

k=1
where D(m,n) := D(ab®, m < z < n) and D(N) = D(0O,N). We put 7 =
7(b,a**) and define integers v; and a4 (1 < k < n) by

nTe <pryr —pr < (e + 1)y, (1<k<n), vaTn <N —pn < (Vn+1)70,

Ok = flk41 — Yk — VkTk, On = N - Bn — VnTy,

so that by Lemma 2

(5) or<nla*«n (1<k<n),
and
(6) vi K (prar —pr)a ™™ (1<k<n), vy < (N - Fn)a_x"-

Then we have

vy —1 :

(7) D(px, pre41) < Z D(pr+vre, pr+(v+1)m)+ D(pk+vite, pe+viTe+0k),

v=0

vn—1
D(pa,N) < Z D(tn + vTny pin + (V4 1)7n) + D(pta + UnTa, fia + UnTn + 0n).

v=0

Now it follows from Lemma 1 that

ox~—1

Q
1
(8)  D(px + vk, px + itk + 01) € % + E = Z e(gobPr TVt )|

g=1 z=0
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where e(z) = ¢2™*. We choose Q as
(9) Q= a* —lo,

where ¢y € N is a large constant. Writing

k

1 B
= ; adibhi  grwbmr
we have
0.—1 6’;—1
(10) D elqadHmEe) = | 37 e(gapb ) 4+ 0(1),
z=0 z=0

noticing that |e(u) — e(v)] € |u — v| and @ — o € a~ e+1h™#r41,

To apply Lemma 4, we put
(11) A=gBib"*™ and m = a™,

so that gagb**+"*7+% = Ab® /m in (10). Then, since (a,b) = (a,B,) = 1 and
¢ < @, there is a prime pja such that

vp(A4) = vp(q) < vp(m) — 4o.

Thus we can apply Lemma 4 and get

or—1

(12) Z e(qakb““""’“""’") <</\l¢\/¢?\‘,

z=0
which together with (5), (8), (9), and (10) yield

Ak

D(pi + itk pk + vtk +0x) K M3v/a " (1< k <n).

Using Lemma 3 in place of Lemma 4, we find
D(pr +vrpe+(v+)m) <1 (0<v <wg,1 <k <n).

Substituting these inequalities as well as (6) into (7) and (4), we obtain (2).

Proof of (3):  Let n be sufficiently large. Then we have [ab#r+1] = [a,btn+!],
and so [ab’*Y] = [, b/*¢] for any integers £ and j with £ > 1and 0 < § < pnyq—L.
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This implies that both of the fractional parts {ab’} and {a.b’} belong to the
same interval [m;b~¢,(m; + 1)b~%) for some integer m; with 0 < m; < *. But
{ant} = {@,b*™} for any j > u,. Hence, if un < j < fing1 — £, {ad’} and
{ab’*7™»} belong to the same interval [m;b=¢,(m; + 1)b~¢). Therefore, for any
given by --- by € {0,1,...,b — 1}¢, we have

d(A; pn + Vo, pin + (v 4+ 1)70) = d(A; iny in + Tn)s
where A = I(b, -- - b;) and
d(Aim,n) = #{m <z <nfab® € A} — (n —m)b%},
so that
(13) d(A;0, pin + v7n) = d(A;0, ) + vd(A; i, fin + )
for any integer v with 0 < v < p,,, where

Pn = [(Hn41 — pn ~ £)/Tn].

Now, since D(A; pin, in + Tv) differs from 7,,/b® by an integer, and since & { 7,
for all integers £ > ¢; = ¢¢(a), we have

(14) D(A;[l,.,/ln + Tﬂ) = !d(Av By in + Tn)l > bt

for all £ > ¢;, where D(A;m,n) = D(A;ab®*,m < z < n). Hence it follows from
(13), (14), and Lemma 2 that

18'?;'- d(A0, pn + v7y) ~ lsu:lsz;" d(A; 0, pp + v1y)

2 (pn = 1)D(&; pin, pin + Tn)
€2 fint1 — lUn

2 [
for infinitely many n, provided £ > ¢, since we may assume that (gn41 — pin)/a*
is unbounded; where ¢, is independent of £. Therefore, for any fixed b; - - - b, with
¢ > ¢ and for infinitely many n, there is an integer K, = Kn(by---by) with
1< &, £ pp such that

c -—
D(A;0,ptn + £,70) 2 557&%;&

Putting N = p, + K, Tn, we obtain (3). This completes the proof of Theorem 1.
i
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THEOREM 2: If
Bim_pn/pn-1 > 1+ (loga)/ logd,

then the number a defined by (1) is nonnormal to base ab.

LEMMA 5: Let r > 1 be an integer and let a be real. For any ¢ € {0,1,...,r—1},
let L(a,r,q; N) be the maximum Iéngth of runs of ¢ appearing in the first N
digits of the r-adic expansion of @ — [a]. If there is a constant ¢ > 0 such that
L(a,r,q; N) > ¢N for infinitely many N, then a is nonnormal to base r.

The proof of Lemma 5 is clear.

Proof of Theorem 2: We write a = }_ 5, a*»~» /(ab)#». The number of digits
in the ab-adic expansion of a#*»*» is [(up — An)log,,a] + 1 =: Ky, say. Since
fin+1 — Kn41 = fin — Ky for all large n by the growth condition of y,, we have

L(a,ab,0; pn —£n) > pin = Kn — fin-1
for all large n, and so
La,ab,0; up — &) > 'g‘(ﬁn — Ka)
for infinitely many n, where
p=1-(1+(loga)/logb) nl—i;!%ol‘n—l/l‘n > 0;

and the theorem follows from Lemma 5. [ |

The bounds (2) and (3) in Theorem 1 are implicit as functions of N; however,
they give precise estimates for most of the cases in which {An}n>1 and {gn}n>1
are given explicitly. In the following Example 1, by ---b, € {0,1,...,6— 1} is
any block of length £ > ¢;.

Example 1: The number
— 1

r; anble’"]
is normal to base b and nonnormal to base ab if § > % In particular, if 6 > %,

we have

(15) D(ab®*,0 <z < N) < cgN'71/6
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for all N and
(16) D(I(by -+ by);ab®,0 < 2 < N) > cpb~tNV/8

for infinitely many integer N. In particular, the number

1
=)

is normal to base b and nonnormal to base ab, where c is an integer with ¢ > /a.
Furthermore, the inequalities (15) and (16) hold with 8 = logc/loga, if ¢ > /a".
We note that « is a non-Liouville transcendental number (cf. [9]). (A proof of
transcendency of & when ¢ = 2 can be found in [7).)

The following theorem will be used in the proofs of Theorems 4 and 5.
THEOREM 3: Let a,b > 1 be integers with (a,b) =1, let {A\p}n>1 and {pin}n>:

be sequences of positive integers which are increasing and

pn 2 @™

for all large n, and let {An}n>1 be a sequence of integers such that
IA"I < a'\n_xn—l

for all large n and A, # 0 for infinitely many n. Then the number
o0
A,
a= Zl axu bl‘n
is normal to base b and nonnormal to base ab.

Proof: We may assume without loss of generality that A, # 0 for all n > 1.
The proof of normality is much the same as that of (2) in Theorem 1. Indeed, it
is valid until (10), if we put

k

o _Z A B
" 1 aribki ~ glepme
J:

with By = a*—Me-1ppe—br-1 B, 1 4+ A; and choose Q as

Q= 2Ak-1—to
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in place of (9), so that for any prime pla we have vy(¢) < -1 — % (1 < ¢ <
Q). On the other hand, there is a prime pgla such that v, (Bi) = vp,(Ax) <

vy, (a**~24-1), and so
Vpo(A) = vpo(q) + Vpo(Bi) < vpo(m) — Lo,

when A and m are defined by (11). Hence we can apply Lemma 4 and get (12).
Therefore

M (1<k<n)

D(pk + viTe, i + viTk + 0p) < 0?2701 4 A2 /g
Similarly we have

D(pr + vri, pr + (v + D) € a*27-1 (1 <k <n).

Thus we obtain

n-—1
Bet1—pk  N—p An
o < k -1 + ZXn-xn + ’\3!\/5 = o(N),
=2

and the normality to base b is proved. The nonnormality to base ab can be proved
similarly to that of Theorem 2.

G. Wagner [10] proved the following theorem:
Let p be a prime and ¢ > 2 be an integer with (p,g) = 1, let {An}a>1 and

{#n}n>1 be increasing sequences of positive integers such that
Jim An/(npn-1) = o0
and
nli_r'%o(log Hn)/An = oo,
and let R be the ring generated by the set of all numbers of the form

[o o] €n N
H (1 + p,\,.q,;,,) v {ea}n>1 € {-1,1}".

n=1

Then R is uncountable and any a € R {0} is normal to base ¢ and nonnormal
to base pg.
The construction of a ring in Theorem 5 is simpler than that of Wagner, how-

ever the proof of the theorem seems to be easier.
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THEOREM 4: Let a,b > 1 be integers with (a,b) =1, let {An}a>1 and {gtn}a>1
be sequences of integers increasing for all large n such that

(17) Tm Au/pnr = 00
and
(18) lirrolo(log #n)[An = 00,

and let R be the ring generated by the set of all numbers of the form

(> )
€
(19) W= Z aAnZﬂn ’ {E"}“Zl € {0’ I}N'
n=1

Then R is uncountable, RN Q = {4/(ab)*|A,n € Z}, and any a € R~ Q is

normal to base b and nonnormal to base ab.

To construct a ring of normal numbers containing no rationals other than zero,
we use the following

LEMMA 6: (Special case of Theorem in [8]). Let {An4}n>1 and {fn,v}n>
(7 € T) be two families of sequences of positive integers with a parameter set T'
such that, for any finite subset of I suitably indexed as {71, ...,v4}, the sequences
{Av}i>1 and {p, }u>1 defined by A, = A, and py = fin,y;, Where i = i(v) is
the integeri in 1 £ i < d with i = v(mod d), satisfy the conditions (17) and (18),
and let

o0

fr(z)=) aPmrzknr (y€T).

n=1
Then the numbers {f,(a)|v € T'} are algebraically independent over Q for any
algebraic a with 0 < |a} < 1.

THEOREM 5: Let a,b > 1 be integers with (a,b) = 1, let {As,}a>1 and
{#n,y}n>1(7y € T) be two families of sequences of positive integers given in Lemma
6, and let R be the ring generated by the set of all numbers of the form

o

1
w7=2m, ")’EF.

n=1

Then any o € R~{0} is normal to base b and nonnormal to base ab.
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Example 2: Families of sequences {An y}n>1 and {n }n>1 (7 € T') satisfying
the conditions in Lemma 6 can be easily found. For instance, put for brevity
g1(z) = log, z and gn(z) = g1(gn-1())(n > 2), and let T = (0,1). Define, for
eachy€landn >1, ), , and pj, , by Ay =1,

g[n’+‘1n](/\’n,—y) =1 and g[n’+7n+2](,“:1,7) =y (n2 1),

and put Any = [A, ,] and pn,y = [p}, ,]. We remark that, for any fixed y € T,
the sequences {An y}n>1 and {fin 4 }n>1 satisfy all the conditions in Theorem 4.

Remark 1: It is easily seen that wy # wl,if ¥ # 4, so that T, {wy|y €T}, and R
have the same cardinality. So Example 2 yields an uncountable ring R. Putting
a = 1/b in Lemma 6, we see that the numbers {w,|y € T'} are algebraically
independent over Q. In particular, the ring R in Theorem 5 contains no rationals

other than zero.

Remark 2: Additive groups of normal numbers having prescribed Hausdorff
dimension (0 < a < 1) have been constructed by many authors (see, e.g.,
(1], [2]). All the rings of normal numbers mentioned in this paper are of Haus-
dorff dimension zero, since any irrational numbers contained in these rings are

Liouvillian and the set of all Liouville numbers is of Hausdorff dimension zero.

Proof of Theorem 4: We shall only prove the normality, since the other state-

ments can be easily seen. Any a € R can be written as
(20) a = P(w,...,wd),
where P(z1,...,24) € Z[21,...,z4] and w; is defined by (19) with some {en}n>1

= {en;i}n>1 € {0,1}N(1 < i < d). Let sy,...,84 be positive integers with
81+ -+ 384 <deg P=S. Then we have

(21) Wi =) Wa(si),
n=1

where

) — A(s;n;al,"'aan)
(22) Wn(sl) - Z az:-l o Ak bz:-l Ok ik
0$¢b§l,~,¢"#0

a1t +on=s;
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with |A(si;n;01,...,0a)] < 1. (Here and in what follows all constants implied
by the symbol < may depend on the polynomial P.) Hence it follows that

w;l '”w;d = Z Z Wnl(sl)"'Wm(sd)

n=1 1<n;<n
max ni=n

o0
_Z B(n;al,...,a,.)
- n n
L. Ohiip
n=1ocepgs a2l=1 bZh-l
on#0

with |B(n;0y,...,0n)| < n?. Therefore we obtain
o0
C(n; 01y ,on)
a= - >
nz=l o<§:<s aan ok Ak bzg.l Chith
on#£0

S
=iz Z C(n;ah""an)
D D T S DY

n=10=10<03<S @

a® S as MeponatSn T’

n=1o0=1 k

where
|C(n,0)| < n?S"a® PINSRITE) Dy

so that, by (17) and (18),
(23) log|C(n,0)| < pn—1

for all large n.
For each (n,o) withn >1and1 <o < S, we put v = S(n — 1) + o and set
A, = C(n,0), and

n—1 n—1

Av=0/\n+SZ/\k, Mu=¢mn+SZuk,

k=1 k=1

sothat A, —A,_; > A, and M, - M,_; > p,. Then we obtain

=) Av
=) b

v=1

where, by (17), (18), and (23),

at <ot <y <M, and [4,]<a? Lot A
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for all large n, and therefore the normality follows from Theorem 3. This com-
pletes the proof of Theorem 4. 1

Proof of Theorem 5: We give the proof of normality, which is much the same
as the preceding one. Any a € R can be written as (20) with w; = w,, for
some suitably indexed %; (1 < ¢ < d), for which we may assume the conditions in
Lemma 6. Then, for any s,,...,s4 as above, we have (21) with

E A(si,n;01,...,04)

n n
0SopSeion w0 az"" ’H\l'ibz"’l ThbR
Y =%4:%n

o1+ ton=3;

wp(si) =

in place of (22), where An i = An v, fin,i = fin,y, and 0 < A(s;,n501,...,00) € 1,

and hence

o0 .
wpwk =33 T B(n,i,0i) ,
= TP hiyc(miy M IS Loy <y B

where log B(n,t,0;) < max{us ;|(k,j) < (n,7)} and (k,j) < (n,t) is the lexico-
graphic ordering, Therefore we obtain

i s )
)Y S e
o=
ot (T H S D (i) M pTIRTS D iy (i) B

with |C(n,i,0;)| € B(n,i,0;).
For each (n,i,0) withn > 1,1 < i <d,and1 <o < §, we put v =
Sd(n—1)+ S(i — 1) + 0 and set A, = C(n,i,0;) and

A= 0’,'/\,-,,.‘ +8 Z /\k,j, M, = Oifin,i+ S Z Hk,j-
(k,5)<(n,1) (k,5)<(n,i)

Then we have
(=) A”
«= E aho oM,
v=1
where A,,A,, and M, (v > 1) satisfy all the conditions in Theorem 3, and the
normality follows. The completes the proof of Theorem 5. 1
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